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where µ is a positive parameter, 1 < q ≤ p < n, r ≥ p? and p? := np
n−p is
the critical Sobolev exponent. In this short note we address the question of
non-existence for non-trivial solutions to the (p, q)-Laplacian problem. In
particular we show the non-existence of non-trivial solutions to the problem
by using a method based on Pohozaev identity.
1 Introduction
Let Ω ⊂ Rn be a bounded starshaped domain with smooth boundary. In this short
paper we consider the quasi-linear elliptic problem{
−∆pu−∆qu = λ(x)|u|p
?−2u+ µ|u|r−2u in Ω
u = 0 on ∂Ω ,
(1)
where µ ≥ 0, 1 < q ≤ p < n, r ≥ p?, λ ∈ C1(Ω) and p? := npn−p is the critical
Sobolev exponent. This kind of elliptic problems involving the (p, q)-Laplacian
operator




which appears in a variety of areas from reaction-diffusion equations [5] and models
of elementary particles [2], [6] counterparts to more applied branches in chemical
reaction design, plasma physics [20], [15] and biophysics [7]. For a comprehensive
treatment of the quasi-linear elliptic boundary value problems involving (p, q)-
-Laplacian operator we refer the interested reader to [1], [3], [17], [19] and the
references therein.
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Here we are primarily concerned with the question of existence of non-trivial
solutions to the quasi-linear elliptic problem (1) in a starshaped domain.1 Since
this type of quasi-linear elliptic problems involves critical Sobolev exponent that
causes the main difficulty, as the lack of compactness. This turns out to impose
the absence of a direct sum decomposition suitable for applying the Linking the-
orem for obtaining the existence and regularity results. However due to both the
intrinsic mathematical interest and its applications to sciences many results have
been settled on this kind of problems in recent years. (See e.g., [4], [8], [13], [14]).
In this paper in contrast to what seen before we introduce a new non-existence
results of non-trivial solution to the problem (1) subject to Ω being strictly star-
shaped domain and 〈∇λ,x〉 ≤ 0 for a.e. x ∈ Ω. This approach has the advantage
of Pohozaev identity (see Theorem 1 below). Consequently this conclusion ex-
tends to quasi-linear elliptic problem with multiple critical Sobolev-Hardy terms
in Theorem 2. Indeed we show that the quasi-linear partial differential equation{
−∆pu−∆qu = 1|x|sλ(x)|u|
p?(s)−2u+ µ|u|r−2u in Ω
u = 0 on ∂Ω ,
which involves the critical Sobolev-Hardy exponents does not admit a non-trivial
solution. One can conclude that the effect of domain topology and geometry on
multiplicity versus uniqueness of solutions plays a significant role. Without further
restriction on the domain Ω non-existence result of non-trivial solutions in general
may fail. Indeed one can construct domains Ω such that this type of quasi-linear
problem admits multiple infinitely many non-trivial solutions. (See [9], [10], [15],
[19].)
2 The main results
Before presenting the paper’s main results we pause briefly to state the following
propositions, main ideas and tools which will turn useful during the proofs.
Proposition 1. Suppose that Ω ⊂ Rn is a smooth bounded domain with boundary





















where ν is the unit outwards normal to the boundary ∂Ω.





















over the Sobolev space W 1,p0 (Ω).
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Proof. The proof of these assertions is based on the divergence theorem along with




















,∇u〉 = |∇u|2 + 1
2
〈∇|∇u|2,x〉 .




















































In view of u being zero on ∂Ω we conclude that ∇u = uνν on ∂Ω. This fact
together with the above identity gives (1). To prove (2) the argument here is in a










= u ∆pu+ |∇u|p.
Alternatively an application of divergence theorem together with the fact that
















u|∇u|p−2〈∇u, ν〉dσ = 0
which is the required conclusion. 
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Proposition 2. With the aid of similar assumptions on u and Ω used in the previous
proposition together with f(x, u) := λ(x)|u|p?−2u+ µ|u|r−2u, we have also that∫
Ω














Proof. For the sake of convenience and reasons that will become clear shortly we
introduce the function
F(x, u) : =
∫ u
0




























As this is true for every 1 ≤ i ≤ n using vector notation we can express this as




















































where in the second and third lines we have used the divergence theorem and the
fact that F vanishing on ∂Ω respectively. The proof of the proposition is thus
complete. 
Motivated by the above propositions, we are now in a position to state the
following non-existence results on (p, q)-Laplacian problem.
Theorem 1 (Non-existence I). Let Ω ⊂ Rn be a C1 bounded starshaped domain
with respect to the origin. Then subject to 〈∇λ,x〉 ≤ 0 for a.e. x ∈ Ω, the (p, q)-
problem described in (1) admits no non-trivial solution in W 1,p0 (Ω).
Proof. Assume the contrary. Then there exists non-trivial solution u, satisfies in
stated (p, q)-Laplacian problem (1). In what follows we assume without loss of gen-
erality that u has the necessary regularity, otherwise we can use an approximation
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argument as in [11]. Hence, with the notation used in the Proposition 2 we have




































We now proceed by simplifying of each term separately. Regarding the first identity,

























































































































where in the last line we have used the fact that p−np +
n
p? = 0 and for the sake of
brevity we have also set
















Since µ ≥ 0, q ≤ p and p? ≤ r we conclude that α, β < 0 and therefore the right-
-hand side of earlier estimate is non-positive. This however is a contradiction since
〈x, ν〉 > 0 on ∂Ω and u 6= 0 which make the left-hand side to be positive and hence
the proof is complete.2 
On passing we point out an immediate consequence of the above theorem which
is the following non-existence result for p-Laplacian problem. It is instructive to
compare this corollary with the results in [10].
Corollary 1. Let Ω ⊂ Rn be a C1 bounded starshaped domain with respect to the
origin and consider{
−∆pu = λ(x)|u|p
?−2u+ µ|u|r−2u(x) in Ω
u = 0 on ∂Ω ,
where 1 < p < n, npn−p =: p
? ≤ r and µ ≥ 0. Then subject to 〈∇λ,x〉 ≤ 0 for a.e.
x ∈ Ω, the described problem admits no non-trivial solution in W 1,p0 (Ω).
Proof. The conclusion follows from the previous theorem with the particular choice
of q = p. 
We end the section by a very quick outline of some further results and gener-
alisation of Theorem 1 when we replace the critical Sobolev exponent with critical
Sobolev-Hardy exponents.
Theorem 2 (Non-existence II). Let Ω ⊂ Rn be a C1 bounded starshaped domain




?(s)−2u+ µ|u|r−2u in Ω
u = 0 on ∂Ω ,
(4)
where 1 < q ≤ p < n, 0 ≤ s < p, p(n−s)n−p =: p
?(s) ≤ r and µ ≥ 0. Then subject to
〈∇λ,x〉 ≤ 0 for a.e. x ∈ Ω, the described problem admits no non-trivial solution
in W 1,p0 (Ω).
Proof. The argument here is based upon suitably modifying of the technique from






Then a similar proof to that in Proposition 2 shows∫
Ω













The remainder of the proof is exactly the same to that in Theorem 1 by utilising
the above identity and therefore will be abbreviated. 
2It can easy to see that for starshaped domain, Ω, with respect to the origin we have 〈x, ν〉 > 0
on ∂Ω (See [16]).
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Remark 1. We end this paper by giving a direct and natural generalisation of
the previous theorem to the case of (p, q)-Laplacian equations involving multiple
critical Sobolev-Hardy terms. Indeed for Ω ⊂ Rn bounded and smooth starshaped
domain with respect to the origin, the following (p, q)-Laplacian problem subject
to 〈∇λi,x〉 ≤ 0 for a.e. x ∈ Ω and 1 ≤ i ≤ k admits no non-trivial solution in






?(si)−2u+ µ|u|r−2u in Ω
u = 0 on ∂Ω ,
where 1 < q ≤ p < n, 0 ≤ si < p, p(n−si)n−p =: p
?(si) ≤ r and µ ≥ 0.
3 Acknowledgments
The author’s research was partially supported by a grant from IPM 3 (No. 95470017)
gratefully acknowledged. He is also indebted to anonymous referees for their con-
structive comments on this paper.
References
[1] V. Benci, G. Cerami: Existence of positive solutions of the equation
−∆u+ a(x)u = u(N+2)/(N−2) in RN . J. Funct. Anal. 88 (1990) 91–117.
[2] V. Benci, P. D’Avenia, D. Fortunato, L. Pisani: Solitons in several space dimensions:
Derrick’s problem and infinitely many solutions. Arch. Ration. Mech. Anal. 154 (4)
(2000) 297–324.
[3] V. Benci, A. M. Micheletti, D. Visetti: An eigenvalue problem for a quasilinear elliptic
field equation. J. Differ. Equ. 184 (2) (2002) 299–320.
[4] P. Candito, S. A. Marano, K. Perera: On a class of critical (p, q)-Laplacian problems.
Nonlinear Differ. Equ. Appl. 22 (2015) 1959–1972.
[5] L. Cherfils, Y. Iĺyasov: On the stationary solutions of generalized reaction diffusion
equations with p&q-Laplacian. Commun. Pure Appl. Anal. 4 (1) (2005) 9–22.
[6] G. H. Derrick: Comments on nonlinear wave equations as models for elementary
particles. J. Math. Phys. 5 (1964) 1252–1254.
[7] P. C. Fife: Mathematical aspects of reacting and diffusing systems. Springer, Berlin
(1979).
[8] G. M. Figueiredo: Existence of positive solutions for a class of p&q elliptic problems
with critical growth on Rn. J. Math. Anal. Appl. 378 (2011) 507–518.
[9] R. Filippucci, P. Pucci, F. Robert: On a p-Laplace equation with multiple critical
nonlinearitie. J. Math. Pures Appl 91 (2009) 156–177.
[10] N. Ghoussoub, C. Yuan: Multiple solutions for quasi-linear PDEs involving the critical
Sobolev and Hardy exponents. Trans. Amer. Math. Soc. 352 (2000) 5703–5743.
[11] M. Guedda, L. Véron: Quasilinear elliptic equations involving critical Sobolev
exponents. Nonlinear Anal. 13 (1989) 879–902.
3School of Mathematics, Institute for Research in Fundamental Sciences, P.O.Box: 19395-5746,
Tehran, Iran.
20 M.S. Shahrokhi-Dehkordi
[12] Q. Guo, J. Han, P. Niu: Existence and multiplicity of solutions for critical elliptic
equations with multi-polar potentials in symmetric domains. Nonlinear Analysis 75
(2012) 5765–5786.
[13] D. Kang: Solutions of the quasilinear elliptic problem with a critical Sobolev-Hardy
exponent and a Hardy-type term. J. Math. Anal. Appl. 341 (2008) 764–782.
[14] G. B. Li, X. Liang: The existence of nontrivial solutions to nonlinear elliptic equation of
p− q-Laplacian type on RN . Nonlinear Anal. 71 (2009) 2316–2334.
[15] Y. Li, B. Ruf, Q. Guo, P. Niu: Quasilinear elliptic problems with combined critical
Sobolev-Hardy terms. Annali di Matematica 192 (2013) 93–113.
[16] R. López: Constant Mean Curvature Surfaces with Boundary. Springer Monographs in
Mathematics (2013).
[17] S. A. Marano, N. S. Papageorgiou: Constant-sign and nodal solutions of coercive
(p, q)-Laplacian problems. Nonlinear Anal. 77 (2013) 118–129.
[18] M. S. Shahrokhi-Dehkordi, A. Taheri: Quasiconvexity and uniqueness of stationary
points on a space of measure preserving maps. Journal of Convex Analysis 17 (1) (2010)
69–79.
[19] M. Sun: Multiplicity of solutions for a class of the quasilinear elliptic equations at
resonance. J. Math. Anal. Appl. 386 (2) (2012) 661–668.
[20] H. Wilhelmsson: Explosive instabilities of reaction-diffusion equations. Phys. Rev. A 36
(2) (1987) 965–966.
[21] H. Yin, Z. Yang: A class of p− q-Laplacian type equation with concave-convex
nonlinearities in bounded domain. J. Math. Anal. Appl. 382 (2011) 843–855.
Author’s address:
Department of Mathematics, University of Shahid Beheshti, Evin, Tehran, Iran.
E-mail: m_shahrokhi a©sbu.ac.ir
Received: 23 September, 2016
Accepted for publication: 29 January, 2017
Communicated by: Olga Rossi
